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Abstract
It is proved that the category of simplicial complete bornological
spaces over R carries a combinatorial monoidal model structure satisfy-
ing the monoid axiom. For any commutative monoid in this category
the category of modules is also a monoidal model category with all
cofibrant objects being flat. In particular, weak equivalences between
these monoids induce Quillen equivalences between the correspond-
ing categories of modules. On the other hand, it is also proved that
the functor of pre-compact bornology applied to simplicial C∞-rings
preserves and reflects weak equivalences, thus assigning stable model
categories of modules to simplicial C∞-rings.
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1 Introduction
Our goal (beyond this paper) is to adapt some very useful techniques from
algebraic geometry (e.g. [5]) to differential geometry. Among other things we
are particularly interested in constructing chiral algebras using factorization
spaces within C∞-context (e.g. [13] §20.3). An essential requirement for
this is having a good theory of quasi-coherent and coherent sheaves. Here
“good” means having the usual functoriality: inverse and direct images with
or without proper support, base change formulas, etc.
Our goal in this paper is to provide the quasi-coherent part of the the-
ory. One might ask why would sheaves appear in the C∞-setting, where the
functors of global sections are exact. They appear because chiral algebras
come from very large geometric objects, that are Ind-schemes at best.
Good functoriality of the theory of modules is indispensable when dealing
with such objects. In other words, while for a C∞-scheme a sheaf of modules
is given by its global sections, in general our sheaves live on a site of C∞-
schemes. From this point of view our construction is not a definition but a
theorem: we show that with the right notion of modules over C∞-rings one
obtains the expected behaviour on a global site.1
Our plan then is to study the geometry of C∞-rings, merging algebraic
geometry with techniques of functional analysis. The analytical techniques
are crucial, since C∞-rings are much more than just commutative algebras.
For example, modules over C∞-rings without additional structure are not
very useful: even for a vector bundle M of finite rank the canonical base
change morphism Φ′′∗(Φ′∗(M))→ π
′′
∗(π
′∗(M)) in a cartesian diagram
X ′ ×
X
X ′′
π′′
//
π′

X ′′
Φ′′

X ′
Φ′
// X
is usually not an isomorphism. The solution is well known: view C∞-rings as
1We have the Zariski topology in mind, but others might work as well.
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commutative monoids in a closed monoidal category coming from analysis
and take the corresponding categories of modules (cf. [6] for an overview).
Following [24], [39], [30] and others we choose this monoidal category to
be the category CBorn of complete convex bornological R-spaces, together
with the completed projective tensor product. It is important for these
spaces and for the tensor product to be completed to provide a meaningful
commutative algebra of C∞-rings (cf. [31] for a similar effect). However, this
also creates a problem: some very important C∞-rings are not complete as
bornological spaces. For example rings of germs are usually not complete.
Another example is C∞(R)/(e−
1
x2 ), such C∞-rings substitute Artinian rings
in the theory of ∞-nilpotent elements in C∞-algebra ([8]).
Of course any C∞-ring that is not complete as a bornological space can
be given a resolution in terms of bornologically complete C∞-rings (e.g. the
free resolution). Thus we are led to work with simplicial objects in CBorn.
If we were interested only in the linear constructions, we could have used
the derived category corresponding to the quasi-abelian structure on CBorn
([37], [34]), whose left heart is the well known category of bornological quo-
tients (e.g. [39]). Since we would like to do commutative algebra we need to
have more control, and need to develop homotopical algebra in CBorn. Thus,
even if we want just the categories of quasi-coherent sheaves in C∞-geometry,
we need to start with derived geometry.
The weak equivalences in this derived geometry are given by evaluating
morphisms at projective objects of CBorn, i.e. the spaces of sequences l1(S).
This is the well known construction of a model structure on a category of
simplicial objects ([35]). Truncations of these evaluation functors are the
“miracle functors” in the theory of quotient spaces (e.g. [39]).
To have a meaningful commutative algebra of C∞-rings in this setting we
need to show that the category SComm(CBorn) of simplicial commutative
monoids in CBorn also carries a model structure, for each such monoid the
category of modules inherits a model structure, and two weakly equivalent
monoids have Quillen equivalent categories of modules. Then we need to
show that the category of simplicial C∞-rings embeds into SComm(CBorn),
thus equipping every simplicial C∞-ring with a category of modules, uniquely
defined up to a Quillen equivalence.
To make all this possible we need to take seriously the size of the Banach
spaces involved. A complete bornological space B is a vector space that
is locally Banach. These Banach pieces supplement the mere vector space
structure on B with some convergence processes. How much convergence is
allowed depends on the density characters of Banach pieces.
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For example, if we allow only finite dimensional pieces, B is just a vector
space. The natural bornology on C∞-rings is locally separable, i.e. we also
allow quotients of l1(N). They let us compute infinite sums, leading to
completed tensor products and meaningful commutative algebra of C∞-rings.
Having obtained the category of modules for each simplicial C∞-ring
A•, we define the corresponding derived category of quasi-coherent sheaves
DQcoh(A•) to be a stabilization of the model category of modules. We use
the stabilized model categories of modules because we would also like to
have a meaningful theory of coherent sheaves, which we define as objects
in DQcoh(A•) homotopically of finite presentation. This forces us to view
sub-objects of Banach bundles as quotients, i.e. to stabilize.
In order to keep this paper within reasonable size we postpone the anal-
ysis of stabilization and functorial properties of coherent sheaves to a future
work, but we look at the heart of the standard t-structure on DQcoh(A)
in case A is a Fréchet C∞-ring and of finite presentation (e.g. the ring of
functions on a manifold). As one would expect after [37], it is just the left
abelian envelope of the category of complete bornological A-modules.
We should mention that the problem of defining quasi-coherent sheaves
and quasi-coherent D-modules in C∞-geometry can be addressed also in an-
other way. One can consider diffeological and eventually differentiable vector
spaces ([23], [11]). In this approach modules are seen as sheaves on a site of
C∞-rings together with additional structure (linearity, connection, etc.).
Here is the plan of the paper:
In section 2.1 we recall the basic facts concerning complete bornological
spaces over R and the quasi-abelian structure on their category. In section
2.2 we recall the properties of projective Banach and bornological spaces,
and the completed projective tensor product.
In section 2.3 we introduce the filtration on the category of bornological
spaces according to the density characters of their Banach pieces, and in
section 2.4 we analyze the presentability properties of bornological spaces
and show that every component of the filtration from Section 2.3 is a locally
presentable category.
In section 2.5 we recall the basics of constructing model structures us-
ing projective classes and show that the categories of bornological spaces
with bounds on cardinalities are combinatorial. Moreover, we show that
the completed projective tensor product satisfies the axioms of monoidal
model categories, giving us model structures on the categories of modules
over commutative monoids. We also look at how adjunctions between quasi-
abelian categories induce Quillen adjunctions and equivalences between the
4
corresponding categories of simplicial objects.
In section 2.6 we show that under some assumptions on projective objects
in a quasi-abelian category (satisfied by CBorn) every cofibrant module over
a commutative monoid is flat, and moreover tensoring with flat modules
preserves weak equivalences. This implies that the categories of modules are
well defined on weak equivalence classes of commutative monoids.
In section 3.1 we extend the pre-compact bornology construction from
finitely generated C∞-rings to arbitrary freely generated C∞-rings, s.t. the
resulting functor is fully faithful and preserves finite coproducts. In section
3.2 we show that Cpt preserves and reflects weak equivalences. Finally in
section 3.3 we use Cpt to define categories of quasi-coherent sheaves, show
that the base change morphism is a natural weak equivalence and consider
the example of Fréchet C∞-rings of finite presentation.
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2 The category of complete bornological R-spaces
In this section we assemble the necessary tools to deal with homotopical
algebra of commutative bornological rings and their modules. Much of what
we have collected here is very well known. To a certain extent we follow [7].
Definition 1. Let V be an R-vector space, possibly infinite dimensional.
1. (E.g. [19] §0.A.3) A disk in V is a subset D ⊆ V , s.t. D is convex, i.e.
tb0 + (1 − t)b1 ∈ D for all b0, b1 ∈ D, t ∈ [0, 1], and D is circled, i.e.
tD ⊆ D for all t ∈ [−1, 1].
2. (E.g. [19] §0.A.5) The semi-normed subspace generated by a diskD ⊆ V
is the linear span 〈D〉 := R ·D equipped with the gauge semi-norm
γD(v) := inf {r ∈ R>0 | v ∈ rD}.
3. (E.g. [19] §III.3.2, §I.1.1) A base of a complete convex bornology on V
is a set of disks D = {Di}i∈I in V , s.t. V =
⋃
i∈I
Di; D
′,D′′ ∈ D⇒ D′+
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D′′ ∈ D; D ∈ D and r ∈ R>0 ⇒ r ·D ∈ D; ∀D ∈ D the semi-normed
space (〈D〉, γD) is a Banach space. A complete convex bornology on V
is given by an equivalence class of bases, where D′ ∼ D′′, if ∀D′ ∈ D′
∃D′′ ∈ D′′, s.t. D′ ⊆ D′′, and ∀D′′ ∈ D′′ ∃D′ ∈ D′ D′′ ⊆ D′. A subset
S ⊆ V is bounded with respect to D, if ∃D ∈ D such that S ⊆ D.
4. (E.g. [19] §I.1.2) A morphism between complete convex bornological
spaces is a morphism of R-vector spaces V → V ′, that maps every
bounded subset of V to a bounded subset of V ′. We will denote the
category of complete convex bornological spaces by CBorn.
In [30] §1.1.1 there is an additional condition for a subset to be a disk: D
has to be internally closed, meaning that ∀r ∈ [0, 1) rv ∈ D ⇒ v ∈ D. The
operation of internal closure D := {v ∈ V | ∀r ∈ [0, 1) rv ∈ D} is idempotent,
D is internally closed, 〈D〉 = 〈D〉, and the gauge norms on 〈D〉 defined by
D and D coincide, therefore the notion of closed convex bornology defined
by disks coincides with the one defined by internally closed disks.
Example 1. Let (B, ‖ − ‖B) be a Banach space, the disks {Dr := {b | ‖b‖B ≤
r}}r∈R>0 define a complete convex bornology on B. Bounded maps between
Banach spaces coincide with morphisms between the corresponding complete
bornological spaces. Thus the category Ban of Banach spaces and bounded
maps is a full subcategory of CBorn.
When discussing sub-objects in CBorn we will need the following notion.
Definition 2. (E.g. [30] Def. 1.35, 1.37) Let B ∈ CBorn, a sequence {xk}k∈N
in B is bornologically convergent, if there is D ∈ D s.t. {xk}k∈N ⊆ 〈D〉 and
converges with respect to the gauge norm. A subset S ⊆ B is bornologically
closed, if the limit of every convergent sequence in S also belongs to S.
2.1 Quasi-abelian structure
Recall ([35] §4) that in a finitely complete category a morphism X → Y is
an effective epimorphism, if it is a co-equalizer of X ×
Y
X ⇒ X. In a finitely
complete and cocomplete category effective epimorphisms coincide with the
co-equalizers (e.g. [25] Prop. 5.1.5). In an additive category coequalizers are
the same as cokernels, and they are often called strict epimorphisms. Dually
kernels are called strict monomorphisms (e.g. [37] Rem. 1.1.2).
Definition 3. (E.g. [37], Def. 1.1.3) A finitely complete and cocomplete
additive category is called quasi-abelian, if pullbacks (pushouts) of strict
epimorphisms (strict monomorphisms) are morphisms of the same kind.
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Both Ban and CBorn are quasi-abelian (e.g. [33] Prop. 3.1.7 and [34]
Prop. 5.6). A morphism φ : B → B′ in CBorn is a strict epimorphism, if and
only if φ is surjective and for every bounded D′ ⊆ B′ there is a bounded
D ⊆ B, s.t. D′ ⊆ φ(D) (e.g. [30] Def. 1.59, Lemma 1.61).
Proposition 1. (E.g. [34] Prop. 5.6, Cor. 4.7) A morphism B → B′ in
CBorn is a strict monomorphism, iff it is injective, its image is closed (Def.
2), and the bornology on B is induced by the bornology on B′.
A morphism in a quasi-abelian category, that is simultaneously a strict
epimorphism and a strict monomorphism, has to be an isomorphism (e.g. [37]
Prop. 1.1.4). This is not true without the strictness assumption: any injective
morphism between Banach spaces, that has a dense image, is simultaneously
a monomorphism and an epimorphism.
Definition 4. In a quasi-abelian category Q a morphism f : Q1 → Q2 is
strict, if f = i◦p, where p is a strict epimorphism and i is a strict monomor-
phism (e.g. [37] Rem. 1.1.2(c)). A null sequence Q1
f1
−→ Q2
f2
−→ Q3 is
strictly exact, if Q1 → Ker(f2) is a strict epimorphism (e.g. [37] Def. 1.1.9).
A null sequence . . .→ Q→ Q′ → . . . of any length is strictly exact, if every
consecutive pair of morphisms is strictly exact.
In Ban a morphism is strict, if and only if its image is closed. This is
true more generally for all Fréchet spaces ([9], Thm. IV.2.1). In particular a
morphism in Ban is a strict epimorphism, if and only if it is surjective.
Example 2. Let B → B′ be an injective but not surjective morphism of
Banach spaces, s.t. the image is dense in B′. Clearly this morphism is not
strict, however 0→ B → B′ is strictly exact.
Definition 5. (E.g. [37] Def. 1.1.18) A functor F : Q → Q′ between quasi-
abelian categories is strictly exact, if for every strictly exact sequence Q1 →
Q2 → Q3, the sequence F(Q1)→ F(Q2)→ F(Q3) is strictly exact in Q
′.
A morphism Q1 → Q2 is a strict epimorphism, iff Q1 → Q2 → 0 is a
strictly exact sequence. Hence strictly exact functors preserve strict epimor-
phisms. Given any f2 : Q2 → Q3, a morphism f1 : Q1 → Q2 is a kernel of f2,
iff in 0 → Q1
f1
−→ Q2
f2
−→ Q3 is strictly exact. Thus strictly exact functors
preserve kernels, and being additive they preserve all finite limits.
Proposition 2. An additive functor F : Q → Q′ between quasi-abelian cat-
egories is strictly exact, iff it preserves finite limits and strict epimorphisms.
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Proof. Suppose F preserves finite limits and strict epimorphisms, let Q1
f1
−→
Q2
f2
−→ Q3 in Q be strictly exact. Then f1 factors into Q1 → Ker(f2)→ Q2,
and the first arrow is a strict epimorphism. By assumption F(Ker(f2)) ∼=
Ker(F(f2)), and F(Q1)→ Ker(F(f2)) is a strict epimorphism.
Finite colimits do not have to be preserved by strictly exact functors.
On the other hand, if F preserves both finite limits and finite colimits, it
has to be strictly exact. Indeed, Q1
f1
−→ Q2
f2
−→ Q3 is strictly exact, if
Q1 → Ker(f2) is a cokernel. Then F(Q1) → F(Ker(f2)) is a cokernel as
well, i.e. a strict epimorphism, and F(Ker(f2)) ∼= Ker(F(f2)).
In performing homological computations in quasi-abelian categories we
will use the following obvious facts.
Proposition 3. Let Q be a quasi-abelian category.
1. Let Q1 → Q, Q2 → Q be strict monomorphisms in Q, then Q1×
Q
Q2 →
Q is a strict monomorphism, which we denote by Q1 ∩Q2.
2. Let {φi :
⊕
0≤j≤n
Qj → Q
′
i}1≤i≤n be s.t. φi|Qj 6=i = 0 and φi|Qi is a
monomorphism. Then
⋂
1≤i≤n
Ker(φi) ∼= Q0.
Proof. 1. Q1 ×
Q
Q2 is the kernel of Q→ (Q/Q1)⊕ (Q/Q2).
2.
⋂
1≤i≤n
Ker(φi) →
⊕
0≤j≤n
Qj is a sum of {ιj : Ker(φ) → Qj}0≤j≤n. The
composite
⋂
1≤i≤n
Ker(φi) →
⊕
0≤j≤n
Qj →
⊕
1≤i≤n
Q′i is
∑
1≤i≤n
φi ◦ ιi = 0. Thus⋂
1≤i≤n
Ker(φi) factors through Q0. Obviously the inclusion of Q0 factors
through
⋂
1≤i≤n
Ker(φi). Both inclusions are strict monomorphisms.
Often it is useful to pass from quasi-abelian categories to abelian ones.
There are two universal ways of doing this, and since we will be using sim-
plicial homotopy theory (i.e. left resolutions) we choose the left one.
Definition 6. ([37] Prop. 1.2.35) Let Q be a quasi-abelian category. A
left abelian envelope of Q is given by an abelian category A and a functor
A : Q → A, s.t. A is full and faithful; ∀Q ∈ Q and for any monomorphism
A → A(Q) there is Q′ ∈ Q A ∼= A(Q′); ∀A ∈ A there is Q ∈ Q and an
epimorphism A(Q)→ A.
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As it is shown in loc. cit. any quasi-abelian category has a left abelian
envelope, which is unique up to an equivalence. The left abelian envelope of
CBorn was explicitly constructed by L.Waelbroeck (e.g. [39]).
Proposition 4. ([37] Prop. 1.2.26, Cor. 1.2.27) Let Q be a quasi-abelian
category, and let A : Q → A be a left abelian envelope. Then A : Q → A
has a left adjoint, and Q1 → Q2 → Q3 in Q is strictly exact, if and only if
A(Q1)→ A(Q2)→ A(Q3) is exact in A.
As A has a left adjoint it commutes with all limits, since it is also full and
faithful it can be used to translate the classical Dold–Kan correspondence
into the quasi-abelian setting.
Proposition 5. ([26], Cor. 5.18) Let Q be a quasi-abelian category, and let
SQ, KQ be the categories of simplicial objects and non-positively graded com-
plexes in Q respectively. For any Q• ∈ SQ define N (Q•)
−k :=
⋂
0≤i<k
Ker(∂i)
with ∂k’s providing the differentials. Conversely, for any Q
• ∈ KQ define
Γ(Q•)k :=
⊕
k։m
Q−m. Then (N ,Γ) is an equivalence of categories.
2.2 Projective objects and monoidal structure
Definition 7. (E.g. [37] Def. 1.3.18) An object C in an additive category C
is projective, if homC(C,−) maps strict epimorphisms to surjections in the
category Ab of abelian groups. An additive category has enough projectives,
if every object is a quotient of a projective one.
In any category C and for any object C the functor homC(C,−) preserves
all limits. Therefore in a quasi-abelian category Q an object Q is projective,
iff homQ(Q,−) : Q → Ab is strictly exact (Prop. 2).
Now we look at the projective objects in Ban and CBorn.
Proposition 6. ([27], §3(7)) A Banach space is projective in Ban, if and
only if it is isomorphic to l1(S) for some set S. Here l1(S) is the space of
absolutely summable S-families of real numbers, i.e. maps a : S → R, s.t.
|{s ∈ S | a(s) 6= 0}| ≤ ℵ0 and
∑
s∈S
|a(s)| <∞.
To analyze projective objects in CBorn we need to decompose bornologi-
cal spaces into Banach pieces. This is called dissection (e.g. [30] §1.5). Explic-
itly, every B ∈ CBorn equals a filtered union of Banach spaces {〈D〉}D∈DB
where DB consists of bounded disks D ⊆ B, s.t. (〈D〉, γD) is Banach.
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Proposition 7. (E.g. [30], Thm. 1.139 (1)-(7)) The dissection functor de-
fines an equivalence between CBorn and a full reflective subcategory of the
category Ind(Ban) of Ind-Banach spaces. The left adjoint functor is given by
computing the colimits in CBorn.
Categories of Ind-objects are equivalent to categories of Ind-representable
pre-sheaves ([2], §I.8.2). Therefore, since colimits of pre-sheaves are com-
puted object-wise, ∀B ∈ Ban, ∀B ∈ CBorn
colim
D∈DB
homBan(B, 〈D〉)
∼=
−→ homCBorn(B,B), (1)
A morphism φ : B → B′ in CBorn is a strict epimorphism, if and only if it is
surjective and {φ(D)}D∈DB is cofinal in DB′ . In this case
colim
D∈DB
homBan(B, 〈φ(D)〉) ∼= colim
D′∈DB′
homBan(B, 〈D
′〉). (2)
The functor colim: AbDB → Ab has a right adjoint, therefore, if B is projec-
tive in Ban, colim
D∈DB
homBan(B, 〈D〉)→ colim
D∈DB
homBan(B, 〈φ(D)〉) is surjective.
Together (1) and (2) imply the following result.
Proposition 8. (E.g. proof of Lemma 2.12 in [34]) If B ∈ Ban is projective
in Ban, it is also projective in CBorn.
By definition homCBorn(
⊕
i∈I
Bi,B) ∼=
∏
i∈I
homCBorn(Bi,B), therefore
⊕
i∈I
Bi
is projective in CBorn, if each Bi is projective in Ban.
Given a family of objects in CBorn their direct sum is the direct sum of
the underlying vector spaces together with the smallest bornology containing
images of the bounded disks in the summands (e.g. [30] §1.3.5). Explicitly a
base of the direct sum bornology consists of finite sums of images of elements
of bases in the summands. Therefore, for any B ∈ CBorn the canonical
morphism
⊕
D∈DB
〈D〉 → B is a strict epimorphism.
Let B ∈ Ban, recall ([18] Def. 18) that the density character of B is the
smallest cardinal ΞB , s.t. there is a dense subset S ⊆ B with |S| = ΞB. As
Q ⊂ R is dense and countable, it is clear that, if dimB ≥ ∞, ΞB equals the
smallest cardinality of a subset S of the unit sphere SB ⊆ B, s.t. ∀v ∈ B
∃{vk}k∈N ⊆ S v =
∑
k∈N
akvk with {ak}k≥1 ⊂ R. Having chosen such S we have
a strict epimorphism l1(S) → B defined by the identity on S. In particular
Ban has enough projectives (e.g. [33] Prop. 3.2.2).
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Choosing such S in eachD ∈ DB we obtain a family {l
1(SD)→ 〈D〉}D∈DB
of strict epimorphisms. Since direct sums preserve cokernels, altogether we
have the following fact.
Proposition 9. (E.g. [34] Prop. 5.8) Every B ∈ CBorn is a quotient of
some
⊕
i∈I
l1(Si). In particular CBorn has enough projective objects.
Every projective object in CBorn is a retract of a direct sum of l1(S)’s.
We would like to formalize this property.
Definition 8. Let C be an additive category. A class of projective objects
P ⊆ C is sufficiently large, if it is closed with respect to finite direct sums and
every projective object in C is a retract of some object in P. A generating
projective class in C, is a class of projectives P, s.t. the class of all small
direct sums of objects in P is sufficiently large.
Now we look at the monoidal structure and monoids in CBorn.
Proposition 10. (E.g. [30] §1.3.6) The category CBorn of complete convex
bornological spaces has a closed symmetric monoidal structure, where B1 ⊗̂ B2
represents the functor of bounded bilinear morphisms out of B1 ⊕ B2.
The following definition is standard.
Definition 9. A commutative monoid in a symmetric monoidal category
(C, •,1) is a triple (A, µA, ιA), where µA : A•A → A, ιA : 1 → A satisfy
the usual axioms of associativity, commutativity and unitality (e.g. [29] Def.
1.2.8). The category of such monoids will be denoted by Comm(C).
If C is closed symmetric monoidal, the forgetful functor U: Comm(C)→ C
has a left adjoint F: C → Comm(C) (e.g. [29] Prop. 1.3.1). Any limits
and colimits that might exist in C also exist in Comm(C) (e.g. [29] Prop.
1.2.14 and [22] Lemma 1.1.8 §C1.1 and discussion thereafter). The monoidal
structure being closed also implies the following well known facts.
Proposition 11. Let C be a quasi-abelian, closed symmetric monoidal cat-
egory with all finite limits and colimits.
1. For any morphism φ : A′ → A′′ in Comm(C) we have φ = i ◦ π, s.t.
U(i) is a monomorphism and U(π) is a strict epimorphism in C.
2. A morphism φ in Comm(C) is an effective epimorphism, if and only if
U(φ) is a strict epimorphism.
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Proof. 1. Let K → U(A′) be the kernel of U(φ), consider the diagram of
solid arrows
U(A′)•U(A′)
µA′

π•π
// (U(A′)/K)•(U(A′)/K)
µA′/K

i•i
// U(A′′)•U(A′′)
µA′′

U(A′)
π
// U(A′)/K
i
// U(A′′).
Since U(A′)•− preserves cokernels, U(A′)•U(A′) → U(A′)•(U(A′)/K) is a
cokernel of U(A′)•K → U(A′)•U(A′), i.e. it is a strict epimorphism, similarly
U(A′)•(U(A′)/K)→ (U(A′)/K)•(U(A′)/K) is a cokernel ofK•(U(A′)/K)→
U(A′)•(U(A′)/K). Since strict epimorphisms are closed with respect to com-
position ([37] Prop. 1.1.7) we conclude that π•π is a strict epimorphism.
Commutativity of the diagram of solid arrows implies that the kernel
of π•π factors through the kernel of φ ◦ µA′ . Working in C/U(A
′′) and
using functoriality of cokernels, we obtain µA′/K making the entire diagram
commutative. It is easy to see that µA′/K and 1→ U(A
′)→ U(A′)/K make
U(A′)/K into a commutative monoid. Moreover π and i are morphisms of
monoids. Using [37] Prop. 1.1.4 we are done.
2. Suppose φ : A′ → A′′ is an effective epimorphism, i.e. it is a coequalizer
of some A ⇒ A′. Applying part 1. we obtain φ = i ◦ π. As U(i) is a
monomorphism and U is faithful, π is a co-cone on A⇒ A′, thus the universal
property of coequalizers implies that i has a right inverse. Since U(i) is a
monomorphism it has to be invertible.
Suppose that U(φ) : U(A′) → U(A′′) is a strict epimorphism. Let A :=
A′ ×
A′′
A′, and let φ : A′ → A′ be the coequalizer of A ⇒ A′. Since φ is a
co-cone on A ⇒ A′ we have φ = ψ ◦ φ. Since U has a left adjoint we have
U(A) ∼= U(A′) ×
U(A′′)
U(A′). Being a strict epimorphism U(φ) is a coequalizer
of U(A′) ×
U(A′′)
U(A′)⇒ U(A′), therefore U(ψ) has a left inverse. Since U(ψ)
is a strict epimorphism ([37] Prop. 1.1.8) it must be invertible.
2.3 Locally separable spaces
It is often important to limit the possible density characters of Banach spaces
under consideration. Arguably the most important class of bornological
spaces are the locally separable ones.
Definition 10. For a cardinal2 ℵ let CBorn<ℵ ⊆ CBorn be the full sub-
category consisting of B ∈ CBorn<ℵ, s.t. there is a strict epimorphism
2We view a cardinal as the smallest ordinal of a given cardinality.
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⊕
i∈I
l1(ℵi)→ B with ℵi < ℵ for every i ∈ I.
The property B ∈ CBorn<ℵ can be alternatively expressed as follows: in
the dissection of B into a filtered union of Banach spaces, there is a cofinal
family consisting of quotients of l1(ℵ′)’s with ℵ′ < ℵ.
Example 3. 1. Clearly CBorn<ℵ0 consists of fine bornological spaces,
whose bounded disks are bounded disks in finite dimensional subspaces.
2. By definition CBorn<ℵ1 consists of locally separable bornological spaces
(e.g. [30] Def. 1.162).
Proposition 12. Let ℵ ≥ ℵ0, then CBorn
<ℵ →֒ CBorn preserves finite
limits and has a right adjoint. The product ⊗̂ : CBorn × CBorn → CBorn
maps (CBorn<ℵ)×
2
to CBorn<ℵ, making CBorn<ℵ into a closed symmetric
monoidal subcategory.
Proof. First we construct the right adjoint. Let B ∈ CBorn and defineRℵ(B)
to have the same underlying R-vector space as B, with the bornology given
by D ∈ DB s.t. there is a strict epimorphism l
1(ℵ′)→ 〈D〉 with ℵ′ < ℵ. We
claim this family of disks defines a bornology.
Indeed, it is clear that if D is bounded in Rℵ(B), ∀r ∈ R>0 r ·D is also
bounded in Rℵ(B). Since l
1(ℵ′ ⊔ ℵ′′) ∼= l1(ℵ′)⊕ l1(ℵ′′) and ℵ is infinite, it is
clear that if D′, D′′ are bounded in Rℵ(B), so is D
′ +D′′. Finally if D ⊆ B
is a bounded disk in a finite dimensional subspace of B, it is bounded in
Rℵ(B), thus the new family of bounded disks exhausts B.
Let φ : B → B′ be a morphism in CBorn, and let D ∈ DB be s.t. we have
a strict epimorphism l1(ℵ′) → 〈D〉 with ℵ′ < ℵ. We claim ∃D′ ∈ DB′ s.t.
φ(D) ⊆ D′ and D′ is bounded inRℵ(B
′). Indeed, as φ is bounded ∃D′′ ∈ DB′
s.t. φ(D) ⊆ D′′. If φ(〈D〉) is closed in 〈D′′〉, it is a Banach subspace, and
the composite l1(ℵ′)→ φ(〈D〉) is a strict epimorphism. Taking D′ to be the
unit ball in φ(〈D〉) we are done.
If φ(〈D〉) is not closed in 〈D′′〉, ℵ′ has to be infinite and we can find a
dense S ⊆ 〈D〉 s.t. |S| ≤ ℵ′. Let D′ be the unit ball in the closure of the
linear span of the image of S in 〈D′′〉. Clearly D′ has a dense subset of
cardinality ≤ ℵ′, and φ(D) ⊆ D′.
Therefore the construction B 7→ Rℵ(B) is a functor, right adjoint to the
inclusion CBorn<ℵ ⊆ CBorn. Indeed, any bounded linear map B → B′ in
CBorn is also bounded as a map Rℵ(B)→Rℵ(B
′), and since Rℵ(B) = B, if
B ∈ CBorn<ℵ, we have homCBorn(B,B
′) = homCBorn<ℵ(B,Rℵ(B
′)).
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Being a full coreflective subcategory of CBorn, CBorn<ℵ is closed with
respect to all colimits in CBorn, and moreover they coincide with the col-
imits computed within CBorn<ℵ itself. It also has all limits, which can be
computed by taking them within CBorn and then applying the right adjoint.
As finite sums equal finite products in CBorn, CBorn<ℵ →֒ CBorn pre-
serves finite direct products. It also preserves kernels. To show this we need
to compare strict monomorphisms in CBorn and CBorn<ℵ. Let B′ ⊆ B be a
strict monomorphism in CBorn with B ∈ CBorn<ℵ. The bornology on B′ is
generated by {B′ ∩D}D∈DB . Let D ∈ DB s.t. we have a strict epimorphism
l1(ℵ′)→ 〈D〉 with ℵ′ < ℵ. If ℵ′ < ℵ0, clearly 〈B
′ ∩D〉 is finite dimensional.
If ℵ′ ≥ ℵ0, then Ξ〈D∩B′〉 ≤ ℵ
′ since in metric spaces density equals weight
(i.e. the least cardinality of a base of the topology). Therefore B′ = Rℵ(B
′).
In Ban we have l1(S) ⊗̂ l1(S′) ∼= l1(S × S′) (e.g. [33] Prop. 3.3.5), on
the other hand each Banach space constitutes an inductive system in Ban,
therefore, using e.g. [30] Thm. 1.139(6-7), we conclude that the inclusion
Ban ⊂ CBorn is symmetric monoidal, hence l1(S) ⊗̂ l1(S′) ∼= l1(S × S′) also
in CBorn. Since ⊗̂ is a closed symmetric monoidal structure, it preserves
colimits, and in particular strict epimorphisms. Therefore CBorn<ℵ is closed
in CBorn with respect to ⊗̂ . It is immediate to see that Rℵ(Hom(B,B
′))
completes ⊗̂ to a closed symmetric monoidal structure on CBorn<ℵ.
The following lemma is obvious.
Lemma 1. Let ℵ′ ≤ ℵ be two cardinals. Then l1(ℵ′) is a retract of l1(ℵ).
A morphism in CBorn has the right lifting property with respect to l1(ℵ′) for
every ℵ′ ≤ ℵ, iff it has the right lifting property with respect to l1(ℵ).
The following statement follows immediately from Prop. 12.
Proposition 13. Let ℵ be an infinite cardinal. A morphism in CBorn<ℵ
is a cokernel, if and only if it has the right lifting property with respect to
l1(ℵ′) for each ℵ′ < ℵ. An object in CBorn<ℵ has the l.l.p. with respect to
all cokernels in CBorn<ℵ, if and only if it is projective, i.e. it is a retract of⊕
i∈I
l1(ℵi) with ℵi < ℵ for each i ∈ I.
Proof. Cokernels in CBorn<ℵ can be equivalently computed in CBorn, thus
a morphism in CBorn<ℵ is a cokernel, if and only if it is a strict epimorphism
in CBorn. Strict epimorphisms in CBorn are exactly the ones that have the
right lifting property with respect to all projective objects in CBorn. Since
l1(ℵ) is projective, the only if direction is clear.
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Suppose φ : B → B′ in CBorn<ℵ has the right lifting property with respect
to l1(ℵ′) ∀ℵ′ < ℵ. Let I be any set, and let φ′ :
⊕
i∈I
l1(ℵi) → B
′ be any
morphism in CBorn<ℵ with ∀iℵi < ℵ. Since it can be equivalently described
as a family {φ′i : l
1(ℵi) → B
′}i∈I , it is clear that φ factors φ
′, i.e. φ has the
right lifting property with respect to
⊕
i∈I
l1(ℵi).
Let φ′′ : B′′ → B′ be any morphism in CBorn with B′′ being projective.
Since B′ ∈ CBorn<ℵ there is a strict epimorphism φ′ :
⊕
i∈I
l1(ℵi) → B
′ with
∀iℵi < ℵ. Since B
′′ is projective φ′ factors φ′′, hence φ factors φ′′, i.e. φ has
the right lifting property with respect to all projective objects in CBorn.
Let B ∈ CBorn<ℵ have the l.l.p. with respect to all cokernels. There is I
and a strict epimorphism
⊕
i∈I
l1(ℵi)→ B with ∀iℵi < ℵ. By assumption this
epimorphism has a section, realizing B as a retract of
⊕
i∈I
l1(ℵi).
Example 4. In CBorn<ℵ0 every object is projective. Indeed, every R-vector
space is an infinite sum of copies of R.
Proposition 14. Let ℵ ≥ ℵ0. The category CBorn
<ℵ is quasi-abelian, com-
plete and cocomplete with enough projectives. The set {l1(ℵ′)}ℵ′<ℵ is a gen-
erating projective class in CBorn<ℵ (Def. 8). The completed projective tensor
product ⊗̂ makes CBorn<ℵ into a closed symmetric monoidal category.
Proof. From Prop. 12 we know that CBorn<ℵ is complete and cocomplete
(because CBorn is such). Also CBorn<ℵ →֒ CBorn preserves finite limits
and colimits, hence pullbacks of strict epimorphisms are strict epimorphisms
in CBorn<ℵ, similarly for strict monomorphisms and pushouts. So CBorn<ℵ
is quasi-abelian. The rest follows from Prop. 13 and the fact that objects of
CBorn<ℵ are by definition quotients of direct sums of l1(ℵi)’s for ℵi < ℵ.
Example 5. We are mostly interested in CBorn<ℵ1 . The singleton {l1(ℵ0)}
is a generating projective class in CBorn<ℵ1 . We will denote this Banach
space by l1(N) and instead of CBorn<ℵ1 we will write CBorn.
2.4 Local presentability and small objects
Estimating the size of objects is important in defining closed model struc-
tures. In our case this will appear when we will be transferring a model
structure to the category of modules over monoids. In a later work we will
be also concerned with objects of finite presentation.
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For an ordinal α we denote by α the category of ordinals < α (a non-
identity morphism αi → αj is αi ∈ αj). Let C be a category, an α-sequence
in C is any functor α→ C that preserves colimits. Recall that a subcategory
C′ ⊆ C is closed under transfinite compositions, if ∀α and for any α-sequence
σ : α→ C′, s.t. colim
α
σ exists in C, the morphism σ(∅)→ colim
α
σ is in C′.
Example 6. The subcategory CBornµ of monomorphisms in CBorn is closed
under transfinite composition. To see this let α be a limit ordinal and let
σ : α → CBorn be a diagram consisting of monomorphisms, i.e. injective
morphisms of bornological spaces. As a vector space colim
α
σ is
⋃
i∈α
Bi, a disk
in this union is bounded, iff it is a bounded disk in one of the Bi’s.
A similar argument shows that for any diagram σ : L→ CBornµ, where
L is a directed poset,3 and any i ∈ L the morphism σ(i) → colim
L
σ is in
CBornµ (the colimit is computed in CBorn).
Recall ([38] §1) that a cardinal is regular, if it equals its own cofinality,
for example for any ℵ ≥ ℵ0 the successor ℵ
+ is regular (e.g. [28] §10). Let ℵ
be a regular cardinal and let C′ ⊆ C be a subcategory closed under transfinite
compositions, C ∈ C is ℵ-small relative to C′ (e.g. [38] §1), if for any regular
ℵ′ ≥ ℵ and any ℵ′-sequence {. . . Ci
di−→ Ci+1 . . .} in C
′ the natural morphism
colim
ℵ′
homC(C,Ci) −→ homC(C, colim
ℵ′
Ci) (3)
is a bijection. An object is small relative to C′, if it is ℵ-small for some
regular cardinal ℵ. An object in C is small, if it is small relative to C.
Remark 1. Instead of the sequences ℵ′ for regular ℵ′ ≥ ℵ we can consider
ℵ-directed categories, i.e. posets where every subset of cardinality < ℵ has
an upper bound. For a regular ℵ an object C ∈ C is ℵ-presentable (e.g.
[1] Def. 1.13), if homC(C,−) preserves colimits over ℵ-directed categories.
Considering only diagrams that factor through C′ ⊆ C we obtain the notion
of ℵ-presentable objects relative to a subcategory. For a regular ℵ′ ≥ ℵ, the
sequence ℵ′ is ℵ-directed. Therefore ℵ-presentable objects are ℵ-small.
Instead of ℵ0-presentable one usually says finitely presentable (e.g. [1] Def.
1.1). We will call ℵ0-small objects compact. Let α be a limit ordinal, and let
ℵ be the cofinality of α, i.e. the smallest cardinality of a cofinal subcategory
in α. Clearly ℵ is regular and infinite. Therefore an object C ∈ C is compact,
iff homC(C,−) preserves all sequential colimits. Thus the notions of finitely
presentable and compact objects coincide (e.g. [1] Cor. 1.7).
3A poset is directed, if every finite subset has an upper bound (e.g. [1] §1.A).
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Example 7. Every Banach space B is compact relative to CBornµ. Indeed,
let α be a limit ordinal and let σ : α → CBorn be a diagram in CBornµ. A
morphism B →
⋃
i∈α
Bi maps the unit ball in B to a bounded disk, which has
to be in the image of one of Bi’s.
If B ∈ CBorn is not Banach, it cannot be compact relative to CBornµ.
Indeed, let σ be the diagram of all Banach subspaces of B given by the
dissection. The identity on B is represented by some B → σ(i), iff there is a
maximal element in the diagram, i.e. B is Banach.
Not even R is compact relative to all of CBorn:
Example 8. Let l1(N)→ l1(N)→ . . . be the ℵ0-sequence corresponding to
N ⊃ N≥2 ⊃ N≥3 ⊃ . . .. The colimit of this sequence is 0, but {2−k}k∈N in
the first copy of l1(N) is not identified with 0 at any step of the sequence.
However, R is ℵ1-presentable in CBorn. First we need a lemma.
Lemma 2. Let L be an ℵ1-directed poset, and consider a functor σ : L →
CBorn. Given i→ j in L let Ki,j → σ(i) be the kernel of σ(i)→ σ(j). The
subset Ki :=
⋃
j
Ki,j is a closed vector subspace of σ(i).
Proof. Let {bk}k∈N ⊆ Ki be a sequence that converges to b ∈ σ(i). We have
bk ∈ Ki,jk for some {i → jk}k∈N. As L is ℵ1-directed there is i → j that
factors through each jk. Then {bk}k∈N ⊆ Ki,j and hence b ∈ Ki,j ⊆ Ki.
Now we divide by these closed subspaces {Ki}.
Lemma 3. Let L be an ℵ1-directed poset, and let σ : L → CBorn. For
each i ∈ L let Ki → σ(i) be as in Lemma 2, and let Bi := σ(i)/Ki. The
projections σ(i) → Bi extend to a natural transformation σ → σ. Moreover
colim
L
σ ∼= colim
L
σ and Bi → Bj is a monomorphism for each i→ j in L.
Proof. Existence of σ → σ is obvious. Consider the functor from the category
of co-cones on σ to the category of co-cones on σ. As it is given by strict
epimorphisms, this functor is obviously full and faithful. Conversely, having
any co-cone {φi}i∈L on σ, we see that φi maps Ki,j → σ(i) to 0 for every
i→ j, therefore it factors through Bi. So the functor is essentially surjective,
and hence the initial co-cones for σ and σ are isomorphic. Let i→ i′ in L, by
construction an element of σ(i) is in Ki, iff its image in σ(i
′) is in Ki′ . This
means that Ki → σ(i) is the kernel of σ(i)→ Bi′ , and then σ(i)→ Bi → Bi′
is a strict epimorphism, followed by a monomorphism.
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Now we can show that R is ℵ1-presentable in CBorn. We prove a more
general statement for all projective Banach spaces.
Proposition 15. Let ℵ ≥ ℵ1 be a regular cardinal, and let |S| < ℵ. The
Banach space l1(S) is ℵ-presentable in CBorn.
Proof. Let L be an ℵ-directed poset, and let σ : L→ CBorn. Using Lemma
3 we have σ : L → CBornµ ⊂ CBorn and a natural transformation σ →
σ consisting of strict epimorphisms. Lemma 3 tells us that colim
L
σ ∼=
colim
L
σ and from Example 7 we know that colim
i∈L
homCBorn(l
1(S), σ(i)) ∼=
homCBorn(l
1(S), colim
L
σ). Therefore it is enough to show that
colim
i∈L
homCBorn(l
1(S), σ(i)) −→ colim
i∈L
homCBorn(l
1(S), σ(i)) (4)
is a bijection. As each σ(i)→ σ(i) is a strict epimorphism and l1(S) is pro-
jective, it is clear that (4) is surjective. Let φi : l
1(S) → σ(i) represent φ ∈
colim
i∈L
homCBorn(l
1(S), σ(i)) that is mapped to 0 ∈ colim
i∈L
homCBorn(l
1(S), σ(i)).
As σ factors through CBornµ, the composite l
1(S)
φi
−→ σ(i)→ σ(i) must be
0, i.e. φi factors through Ki. Since Ki =
⋃
j
Ki,j, for each k ∈ S there is
i → jk, s.t. φi(k) ∈ Ki,jk . As L is ℵ-directed there is i → j that factors
through each i → jk. Since Ki,j → σ(i) is a strict monomorphism, we see
that φi(l
1(S)) ⊆ Ki,j, i.e. φ = 0 in colim
i∈L
homCBorn(l
1(S), σ(i)).
Corollary 1. Let ℵ ≥ ℵ1 be a regular cardinal, and let B be a Banach space,
s.t. ΞB < ℵ. Then B is ℵ-presentable in CBorn.
Proof. As ΞB < ℵ there is a set S with |S| < ℵ, and a strict epimorphism
l1(S) → B. Let B′ → l1(S) be the kernel of this morphism, then ΞB′ < ℵ
as well, and there is S′ with |S′| < ℵ, and a strict epimorphism l1(S′)→ B′.
Altogether we have B as the co-equalizer of l1(S′)⇒ l1(S).
Lemma 4. Let C be a co-equalizer of C ′′ ⇒ C ′ in a category C, let ℵ ≥ ℵ0
be a regular cardinal s.t. C ′, C ′′ are ℵ-presentable. Then C is ℵ-presentable.
Proof. Finite limits and filtered colimits commute in Set.
Applying Lemma 4 to l1(S′)⇒ l1(S) we are done.
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We have seen (Ex. 3) that CBorn<ℵ0 is the category of R-vector spaces,
hence it is locally finitely presentable. According to Prop. 14 for ℵ ≥ ℵ0 the
category CBorn<ℵ is cocomplete, and according to Prop. 12 the inclusion
CBorn<ℵ ⊂ CBorn preserves colimits. Thus, since dissections of bornological
spaces are filtered diagrams, applying Cor. 1 we obtain the following.
Theorem 1. Let ℵ ≥ ℵ0 be regular, then CBorn
<ℵ is locally ℵ-presentable.4
Theorem 1 does not apply to the category CBorn of all complete bornolog-
ical spaces because the sizes of cardinals are not bounded. However, CBorn
is a nested union of locally presentable categories, and this has important
consequences. The proof of the following lemma is straightforward.
Lemma 5. Let Q be a co-complete and finitely complete category, and sup-
pose ∀Q ∈ Q there is an effective epimorphism
∐
i∈I
Qi → Q, where I is a set
and each Qi is small. Then every object in Q is small.
As ∀B ∈ CBorn lies in some CBorn<ℵ, it is a quotient of some
⊕
i∈I
l1(ℵi)
with ℵi < ℵ for each i. Thus the previous lemma implies the following.
Proposition 16. Every object in CBorn is small.
2.5 Model structures
It is straightforward to define a model structure on simplicial objects in an
additive category with enough projectives ([35]). Using Prop. 11 we can
proceed in a similar fashion also with the category of commutative monoids.
The approach of [35] is based on evaluating morphisms C1 → C2 at some
special {Pi}i∈I ⊆ C. This means looking at {hom(Pi, C1)→ hom(Pi, C2)}i∈I .
Proposition 17. 1. Let C be a quasi-abelian category with enough pro-
jectives. Let {Pi}i∈I be a generating projective class (Def. 8). The
category SC of simplicial objects in C has a simplicial model structure,
where C• → D• is a weak equivalence/fibration, if homC(Pi, C•) →
homC(Pi,D•) is a weak equivalence/fibration of simplicial sets for ev-
ery Pi. In particular every C• ∈ SC is fibrant.
2. If in addition C is closed symmetric monoidal, the category SComm(C)
of simplicial commutative monoids in C has a simplicial model struc-
ture, and the adjunction F: C ⇄ Comm(C) : U extends to a Quillen
4A category C is locally ℵ-presentable (e.g. [1] Def. 1.17), if it is cocomplete and there
is a set of ℵ-presentable objects {Pi}i∈I ⊆ C s.t. ∀C ∈ C is an ℵ-directed colimit of Pi’s.
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adjunction SC ⇄ SComm(C). A morphism A• → A
′
• in SComm(C) is
a weak equivalence/fibration, if
homSComm(C)(F(Pi),A•) −→ homSComm(C)(F(Pi),A
′
•)
is a weak equivalence/fibration of simplicial sets for each Pi. In par-
ticular every object in SComm(C) is fibrant.
Proof. The first part is a straightforward application of [35] §II.4. In the case
of monoids Prop. 11 tells us that U maps effective epimorphisms in Comm(C)
to strict epimorphisms in C. Therefore F(P ) is projective in Comm(C) for
each projective P in C. As C has enough projectives, for any A ∈ Comm(C)
there is a strict epimorphism P → U(A). This strict epimorphism factors
into P → U(F(P )) → U(A), thus U(F(P )) → U(A) is a strict epimorphism
([37], Prop. 1.1.8). Prop. 11 tells us then that F(P ) → A is an effective
epimorphism, i.e. Comm(C) has sufficiently many projectives ([35] §II.4).
Let A be a projective object in Comm(C). Choosing a strict epimorphism
P → U(A) we have an effective epimorphism F(P )→ A, and hence a section
A → F(P ). Thus every projective object in Comm(C) is a retract of F(P )
for some projective P in C. Therefore ∀A• ∈ SComm(C) and any projective
A′ ∈ Comm(C) homComm(C)(A
′,A•) is a retract of homC(P,U(A•)) for some
projective P ∈ C. Since the latter simplicial sets are simplicial abelian
groups, they are fibrant. Thus every object in SComm(C) is fibrant, and
hence SComm(C) has a simplicial model structure ([35] Thm. 4).
Fibrations and weak equivalences are determined by evaluating at all
projective objects in Comm(C). We claim it is enough to evaluate at F(Pi)
for each Pi. Every projective object in Comm(C) is a retract of F(P ) for some
projective P ∈ C. In turn every such P is a retract of some
⊕
Pi, therefore it
is enough to evaluate at F(
⊕
Pi). For every A• homComm(C)(F(
⊕
Pi),A•) ∼=
homC(
⊕
Pi,U(A•)), thus it is enough to evaluate at F(Pi) for each Pi.
We know that CBorn is quasi-abelian, complete and cocomplete, has
enough projectives and carries a closed symmetric monoidal structure. There-
fore we can apply the previous proposition to get the following.
Corollary 2. Let SCBorn be the category of simplicial complete convex
bornological spaces over R. It is a simplicial model category with B• → B′• be-
ing a weak equivalence/fibration, if homCBorn(l
1(ℵ),B•)→ homCBorn(l
1(ℵ),B′•)
is a weak equivalence/fibration of simplicial sets for every cardinal ℵ.
The category SComm(CBorn) of simplicial commutative monoids in CBorn
is a simplicial model category, with A• → A
′
• being a weak equivalence/fibration,
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if homCBorn(l
1(ℵ),A•)→ homCBorn(l
1(ℵ),A′•) is a weak equivalence/fibration
of simplicial sets for every ℵ. All objects in SComm(CBorn), SCBorn are
fibrant, the adjunction SCBorn⇄ SComm(CBorn) is a Quillen adjunction.
Using Prop. 14 we have the similar statement in the bounded case.
Corollary 3. Let ℵ ≥ ℵ0, let SCBorn
<ℵ be the category of simplicial objects
in CBorn<ℵ. It is a simplicial model category with B• → B
′
• being a weak
equivalence/fibration, if homCBorn<ℵ(l
1(ℵ′),B•)→ homCBorn<ℵ(l
1(ℵ′),B′•) is
a weak equivalence/fibration of simplicial sets for every cardinal ℵ′ < ℵ.
The category SComm(CBorn<ℵ) of simplicial commutative monoids in
CBorn<ℵ is a simplicial model category, with A• → A
′
• being a weak equiv-
alence/fibration, if homCBorn<ℵ(l
1(ℵ′),A•) → homCBorn<ℵ(l
1(ℵ′),A′•) is a
weak equivalence/fibration of simplicial sets for every ℵ′ < ℵ.
All objects in SComm(CBorn<ℵ), SCBorn<ℵ are fibrant, the adjunction
SCBorn<ℵ ⇆ SComm(CBorn<ℵ) is a Quillen adjunction.
In fact a much stronger statement can be made, if we choose ℵ to be
regular. Recall (e.g. [12] Def. 2.1) that a model category C is combinatorial,
if it is cofibrantly generated and locally presentable.
Theorem 2. Let ℵ ≥ ℵ0 be a regular cardinal. The simplicial model struc-
ture on SCBorn<ℵ from Corollary 3 is combinatorial.
Proof. We claim that SCBorn<ℵ is locally ℵ-presentable. According to
Prop. 5 SCBorn<ℵ is equivalent to the category KCBorn<ℵ of non-positively
graded complexes in CBorn<ℵ. Thm. 1 tells us that each Banach space
B ∈ CBorn<ℵ is ℵ-presentable. It follows easily that each bounded complex
Bk → Bk+1 → . . .→ Bk+n of Banach spaces is ℵ-presentable in KCBorn
<ℵ.
Let B• ∈ KCBorn<ℵ. For any m ∈ Z≤0 and any Banach subspace B ⊆
Bm we can choose a subcomplex B• ⊆ B• consisting of Banach subspaces,
s.t. B<m = 0 and Bm = B. Varying m, B and all other choices, we have
a filtered diagram of subcomplexes, whose colimit is B•. Indeed, in each
degree it is just the dissection. So KCBorn<ℵ is locally ℵ-presentable.
The model structure on SCBorn<ℵ from Cor. 3 is exactly the same as in
[10] Thm. 6.3(**). Moreover, since Banach spaces are compact with respect
to all monomorphisms we can use this theorem in loc. cit.,5 and conclude
that the model structure on SCBorn<ℵ is cofibrantly generated by
I := {l1(ℵ′)⊗ ∂∆[n]→ l1(ℵ′)⊗∆[n]}n≥0, (5)
5It was kindly communicated to us by D.Christensen, that Thm. 6.3(**) in [10] is valid
only under the assumption that members of the projective class are compact relative to
split monomorphisms. The arXiv version of [10] is updated.
21
J := {l1(ℵ′)⊗ Λ[n, k]→ l1(ℵ′)⊗∆[n]}0<n≥k≥0, (6)
where ℵ′ runs over all cardinals < ℵ.6
Next we consider the monoidal and model structures together. Their
interaction is governed by two axioms: the pushout product axiom and the
monoid axiom ([38] Def. 3.1 and Def. 3.3).
Proposition 18. Let (Q, ⊗̂ ) be a closed symmetric monoidal quasi-abelian
category having enough projectives. Let {Pi}i∈I be a generating projective
class (Def. 8), s.t. I is a set, each Pi is compact with respect to split monomor-
phisms, and {Pi}i∈I is closed with respect to ⊗̂ . Then the category SQ of
simplicial objects in Q is a simplicial cofibrantly generated monoidal model
category satisfying the monoid axiom.
Proof. By requiring that I is a set and each Pi is compact with respect to
split monomorphisms, we have made the model structure on SQ, given by
Prop. 17, coincide with the model structure in [10] Thm. 6.3(**). Therefore
it is cofibrantly generated.
We recall a well known fact.
Lemma 6. Let (C, ⊗̂ ) be a closed symmetric monoidal category having all
finite coproducts, and let SC be the category of simplicial objects in C. For
any C,C ′ ∈ C and any S,S′ ∈ SSet we have in SC
(C ⊗ S) ⊗̂ (C ′ ⊗ S′) ∼= (C ⊗̂C ′)⊗ (S× S′),
which is natural both in simplicial sets and objects of C.
Given Pi, Pj ∈ Q and cofibrations Si → S′i, Sj → S
′
j in SSet and using
the previous lemma, we have a commutative diagram
(Pi ⊗ Si) ⊗̂ (Pj ⊗ S′j)
∐
(Pi⊗Si) ⊗̂ (Pj⊗Sj)
(Pi ⊗ S′i) ⊗̂ (Pj ⊗ Sj)
//
∼=

(Pi ⊗ S′i) ⊗̂ (Pj ⊗ S
′
j)
∼=

(Pi ⊗̂Pj)⊗ (Si × S′j
∐
Si×Sj
S′i × Sj) // (Pi ⊗̂Pj)⊗ (S
′
i × S
′
j).
As Si → S′i, Sj → S
′
j are cofibrations, so is Si×S
′
j
∐
Si×Sj
S′i×Sj → S
′
i×S
′
j, and
if in addition one of the former is a trivial cofibration, so is the latter ([14]
Prop. 3.11). Since Pi ⊗̂Pj ∈ {Pi}i∈I it is cofibrant as a constant simplicial
6If ℵ = (ℵ′)+, it is enough to take this one ℵ′.
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object in Q, therefore the bottom arrow in the above diagram is a cofibration
or correspondingly a trivial cofibration ([14] Prop. 3.4). So SQ is a monoidal
model category ([38] Lemma 3.5).
According to [38] Lemma 3.5, to prove that SQ satisfies the monoid
axiom it is enough to show that transfinite compositions of co-base changes
of elements ofM := {Q⊗Λ[n, k]→ Q⊗∆[n]}0<n≥k≥0 are weak equivalences
(here Q runs over all objects of Q). Using Prop. 5 we switch to KQ. It is
immediate to see that for all Q ∈ Q, n > 0 and each n ≥ k ≥ 0 the morphism
in KQ corresponding to Q⊗ Λ[n, k]→ Q⊗∆[n] is the canonical inclusion
Q• −→ Q•
∐
(Q
=
→ Q)[n],
where (Q
=
→ Q)[n] is concentrated in degrees −n,−n + 1. Therefore co-
base changes of elements of M are of the form Q′• → Q′•
∐
(Q
=
→ Q)[n].
Transfinite compositions of such morphisms are weak equivalences since⊕
j∈J
(Qj
=
→ Qj)[nj ] is acyclic for any J , {Qj}j∈J , {nj}j∈J .
Now we can use [38] Thm. 4.1 to conclude the following.
Theorem 3. Let ℵ ≥ ℵ0 be regular, and let A• ∈ SComm(CBorn
<ℵ). The
category of A•-modules in SCBorn
<ℵ is a cofibrantly generated monoidal
model category satisfying the monoid axiom. A morphism is a fibration/weak
equivalence, if it is a fibration/weak equivalence as a morphism in SCBorn<ℵ.
Remark 2. For a simplicial commutative monoid A• in any closed monoidal
quasi-abelian category Q, the monoidal structure on the category of A•-
modules is obtained by taking the co-equalizer ofM• ⊗̂A• ⊗̂M
′
• ⇒M• ⊗̂M
′
•,
where the arrows are the A•-module structures on M• and M
′
• (e.g. [38] §4).
Notice that Mod(A•) is a quasi-abelian category. Indeed, since ⊗̂ is
closed, the forgetful functor Mod(A•) → SQ has also a right adjoint, given
by Q• 7→ HomSQ(A•, Q•). Therefore Mod(A•) is additive, finitely complete
and co-complete and pullbacks of strict epimorphisms/monomorphisms in
Mod(A•) are stable under pullbacks/pushouts respectively.
Now we look at what happens, if we start with an adjunction between
quasi-abelian categories. The first statement is obvious.
Proposition 19. Let F : Q → Q′ be a strictly exact functor between quasi-
abelian categories with enough projectives. Suppose that F has a left adjoint
F ′. Then (F ′,F) induces a Quillen adjunction F ′• : SQ
′ ⇄ SQ : F•.
Sometimes such adjunctions are Quillen equivalences.
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Proposition 20. Let F : Q → Q′ be a strictly exact fully faithful functor
between quasi-abelian categories with enough projectives. Suppose that F
has a left adjoint F ′, and for any Q′ ∈ Q′ there is Q ∈ Q and a strict
epimorphism F(Q) → Q′. Then the Quillen adjunction SQ′ ⇄ SQ from
Prop. 19 is a Quillen equivalence.
Proof. First we show that F preserves projectives. Let P ∈ Q be projective,
as Q′ has enough projectives there is a strict epimorphism P ′ → F(P ) where
P ′ ∈ Q′ is projective. By assumption ∃Q ∈ Q and a strict epimorphism
F(Q)→ P ′ in Q′. Being a left adjoint F ′ preserves cokernels, thus
Q ∼= F ′(F(Q)) −→ F ′(P ′) −→ F ′(F(P )) ∼= P
are strict epimorphisms. Since P is projective there is a section P → Q,
composing it with F(Q)→ P ′ we see that F(P ) is a retract of P ′ and hence
projective. From Cor. 5 we conclude that F• preserves cofibrant objects.
By assumption every Q′ ∈ Q′ is a quotient of some F(Q). Therefore,
since F commutes with finite direct sums, {F(P )}, where P runs over all
projective objects in Q, is a sufficiently large class of projectives in Q′ (Def.
8). Applying Prop. 21 and Cor. 5 we see that every Q′• ∈ SQ
′ has a cofibrant
resolution of the form F•(P•). Therefore, since F
′ ◦ F ∼= IdQ, the two-out-
of-three axiom implies that for any cofibrant Q• ∈ SQ
′ the natural Q• →
F•(F
′
•(Q•)) is a weak equivalence. By assumption the co-unit of (F
′
•,F•) is
invertible. Therefore (F ′•,F•) is a Quillen equivalence ([21] Prop. 1.3.13).
Example 9. Let Q be a quasi-abelian category with enough projectives.
According to [37] Prop. 1.3.24 the left abelian envelope A of Q has enough
projectives. Prop. 4, 20 tell us then that SA⇄ SQ is a Quillen equivalence.
Example 10. The category CBorn of bornological spaces is a full reflective
subcategory of the category Ind(Ban) of Ind-Banach spaces (e.g. [30] Thm.
1.139), and every inductive system of Banach spaces is a quotient of an
essentially monomorphic system (e.g. [3] proof of Lemma 3.29). Therefore
we have a Quillen equivalence SInd(Ban)⇄ SCBorn.
2.6 Cofibrant resolutions and flatness
Let Q be a quasi-abelian category with enough projectives. We have seen
that SQ carries a model structure, defined by evaluating morphisms between
objects in SQ at projective objects in Q (Prop. 17). We would like to have
an explicit description of cofibrant objects and resolutions. This is easier
done for cochain complexes, rather than simplicial objects.
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Definition 11. Let Q be a quasi-abelian category with enough projectives,
letKQ be the category of non-positively graded complexes inQ. A morphism
f : Q• → Q′• is a weak equivalence or fibration, if for any projective P ∈ Q
the morphism of complexes of abelian groups homQ(P,Q
•)→ homQ(P,Q
′•)
is a weak equivalence or a fibration respectively.
Recall that we have the normalized complex functor N : SQ → KQ.
According to Prop. 5 each component of Q• is a finite direct sum of de-
generations of components of N (Q•). Since finite direct sums in Q equal
finite direct products, the Dold–Kan correspondence for abelian groups im-
plies that homQ(P,Q•) → homQ(P,Q
′
•) is a weak equivalence of simplicial
abelian groups, if and only if homQ(P,N (Q•))→ homQ(P,N (Q
′
•)) is a weak
equivalence of complexes of abelian groups.
Any morphism Q• → Q′• maps N (Q•) → N (Q
′
•) and degenerations to
degenerations. Hence a morphism in SQ is a fibration, iff its image in KQ
is a fibration. Altogether we have the following.
Corollary 4. Fibrations and weak equivalences from Def. 11 define a model
structure on KQ, and the equivalence from Prop. 5 identifies this model struc-
ture with the one on SQ.
The following proposition is standard.
Proposition 21. Let Q be a quasi-abelian category with enough projectives,
and let {Pi}i∈I ⊆ Q be a sufficiently large class of projectives in Q (Def. 8).
Let Q• := . . . → Q−1 → Q0 be a complex in Q. There is a trivial fibration
P • → Q•, s.t. P k ∈ {Pi} for each k ≤ 0.
Proof. In the context of quasi-abelian categories the standard procedure of
adding and killing cycles is based on the following obvious lemma.
Lemma 7. Let Q be a quasi-abelian category with enough projectives, and
let {Pi}i∈I ⊆ Q be a sufficiently large class of projectives in Q (Def. 8). Let
0→ Q1 → Q2 → Q3 → 0 be a strictly exact sequence, and let f : Q→ Q3 be
any morphism in Q. Then there is a commutative diagram
0 //

K //
p

P //

Q //
f

0

0 // Q1 // Q2 // Q3 // 0,
where the upper row is strictly exact, P ∈ {Pi}, and p is a strict epimorphism.
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Proof. Let Q′ := Q2 ×
Q3
Q. Since Q2 → Q3 is a strict epimorphism and
Q is quasi-abelian, also Q′ → Q is a strict epimorphism. Since {Pi}i∈I is
a sufficiently large class of projectives in Q we can find P ′ ∈ {Pi} and a
strict epimorphism P ′ → Q′. Clearly P ′ → Q is a strict epimorphism. Let
K′ → P ′ be the kernel of this epimorphism. We have a commutative diagram
0 //

K′ //

P ′ //

Q //
f

0

0 // Q1 // Q2 // Q3 // 0,
where the upper row is strictly exact, but K′ → Q1 does not have to be a
strict epimorphism. We choose a strict epimorphism P ′′ → Q1 with P among
{Pi}i∈I and define K := K
′ ⊕ P ′′, P := P ′ ⊕ P ′′. Mapping P ′′ → 0 → Q,
P ′′ → Q1 → Q2, we obtain a commutative diagram
0 //

K //

P //

Q //
f

0

0 // Q1 // Q2 // Q3 // 0.
Projection on a summand is a strict epimorphism, hence P → Q is a strict
epimorphism. The map P ′′ → Q1 factors through K→ Q1, hence the latter
is a strict epimorphism as well (e.g. [37], Prop. 1.1.8). Finally any map to
P ′ ⊕ P ′′ that composes to 0 with P ′ ⊕ P ′′ → Q factors uniquely through K,
i.e. the top arrow is strictly exact.
Lemma 7 immediately gives us the following add/kill procedure.
Lemma 8. Let Q be a quasi-abelian category with enough projectives, and
let {Pi}i∈I ⊆ Q be a sufficiently large class of projectives in Q (Def. 8).
Consider a commutative diagram in Q
P k+1

d′k+1
// P k+2

Qk
dk
// Qk+1
dk+1
// Qk+2,
where the bottom row is a null sequence, the vertical arrows and Ker(d′k+1)→
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Ker(dk+1) are strict epimorphisms. Then we can extend this diagram to
P k
d′k
//

P k+1
d′k+1
//

P k+2

Qk
dk
// Qk+1
dk+1
// Qk+2,
(7)
s.t. P k ∈ {Pi}, the top row is a null sequence, all vertical arrows are strict
epimorphisms, ∀i ∈ I HomQ(Pi, P
•)→ homQ(Pi, Q
•) is a weak equivalence
in degree k + 1, and Ker(d′k)→ Ker(dk) is a strict epimorphism.
Repeatedly applying Lemma 8 we obtain a proof of the proposition.
Just as in the abelian case, the standard argument gives the following.
Corollary 5. Let Q be a quasi-abelian category with enough projectives, and
let {Pi}i∈I ⊆ Q be a sufficiently large class of projectives (Def. 8). An object
Q• ∈ KQ is cofibrant, iff each Qk is a retract of some Pk ∈ {Pi}. An object
Q• ∈ SQ cofibrant, iff Q• ∼= Γ(Q
•) for a cofibrant Q• ∈ KQ.
Similarly to Prop. 21 we have a characterization of cofibrant objects
in the category Mod(A•) of A•-modules in SQ for a commutative monoid
A• ∈ SQ. First we recall a standard definition (e.g. [15] Prop. 4.2(3)).
Definition 12. Let (C, •) be a closed symmetric monoidal finitely cocom-
plete category, and let A• ∈ SC be a simplicial commutative monoid in C.
An A•-module M• is almost freely generated by {Cn}n≥0 ⊆ C, if ∀n ≥ 0
Mn ∼=
∐
m≤n
∐
n։m
An•Cm (8)
as An-modules, and for any σ : k ։ n the corresponding map Mn → Mk is
given on each summand in (8) by composing k → n→ m and mapping
σ∗ ⊗̂ IdCm : An•Cm −→ Ak•Cm.
It is well known that, if we start with an abelian category with enough
projectives, we can always construct resolutions of modules over simplicial
monoids, that are almost freely generated by projectives. The same is true
in the quasi-abelian case with essentially the same proof.
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Lemma 9. Let (Q, ⊗̂ ) be a closed symmetric monoidal quasi-abelian cat-
egory with enough projectives, and let {Pi}i∈I ⊆ Q be a sufficiently large
class of projectives (Def. 8). Let A• be a commutative monoid in SQ, and
let M• ∈ Mod(A•). There is a sequence {Pn}n≥0 ⊆ {Pi}i∈I and a trivial
fibration M ′• →M•, s.t. M
′
• is almost freely generated by {Pn}n≥0 over A•.
Proof. This is just another straightforward application of Lemma 8.
We have an immediate consequence.
Corollary 6. Let (Q, ⊗̂ ), {Pi}i∈I be as in Prop. 18, and suppose every
Q• ∈ SQ is small. Let A• ∈ SQ be a commutative monoid. Any cofibrant
A•-module is a retract of an A•-module that is almost freely generated by
direct sums of elements of {Pi}i∈I .
Proof. By requiring that (Q, ⊗̂ ), {Pi}i∈I are as in Prop. 18 and each Q•
in SQ is small we ensure that the category of A•-modules is a cofibrantly
generated monoidal model category ([38] Thm. 4.1). From Lemma 9 we
know then that every cofibrant A•-module can be resolved by an almost free
A•-module generated by direct sums of Pi’s. Since a trivial fibration into a
cofibrant object always has a right inverse, we are done.
Using this characterization of cofibrant modules we can prove flatness.
Definition 13. Let (Q, ⊗̂ ) be a closed monoidal quasi-abelian category. An
object Q ∈ Q is flat if the functor −⊗̂Q : Q → Q is strictly exact.
Since ⊗̂ is closed, −⊗̂Q preserves strict epimorphisms, and since Q is
additive, it also preserves finite direct products. Therefore Q is flat, if and
only if −⊗̂Q preserves kernels, i.e. strict monomorphisms.
Example 11. For any ℵ l1(ℵ) is flat in Ban ([16] §I.2.2 Cor. 3). Then
for any set I
⊕
i∈I
l1(ℵi) is flat in CBorn. Indeed, since ⊗̂ commutes with
direct sums −⊗̂
(⊕
i∈I
l1(ℵi)
)
takes strict monomorphisms to direct sums of
strict monomorphisms. Such direct sum is injective, its image is closed (any
bornologically convergent sequence in an arbitrary direct sum is contained
in the sum of a finite subfamily) and the bornology on the domain is induced
from the one on the target (both are direct sum bornologies).
In proving flatness it is useful to have the following obvious facts.
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Proposition 22. Let (Q, ⊗̂ ) be a closed monoidal quasi-abelian category,
and let Q ∈ Q be flat. Then every retract of Q is flat.
If every Q• ∈ SQ is small and there is a generating projective class
{Pi}i∈I ⊆ Q as in Prop. 18, s.t. all small direct sums of elements of {Pi}i∈I
are flat, then ∀A• ∈ SComm(Q) any cofibrant A•-module is flat.
Proof. Let Q′ be a retract of Q, and let Q1 → Q2 be a strict monomorphism.
We have a commutative diagram
Q′ ⊗̂Q1 //

Q ⊗̂Q1 //

Q′ ⊗̂Q1

Q′ ⊗̂Q2 // Q ⊗̂Q2 // Q
′ ⊗̂Q2,
where both horizontal compositions are identities and the middle vertical ar-
row is a strict monomorphism. Since Q′ ⊗̂Q1 → Q ⊗̂Q1 factors the identity,
it is a strict monomorphism (e.g. [37] Prop. 1.1.8). Then Q′ ⊗̂Q1 → Q ⊗̂Q2
is a strict monomorphism and hence so is Q′ ⊗̂Q1 → Q
′ ⊗̂Q2 (loc. cit.).
According to Cor. 6 every cofibrant A•-module is a retract of an A•-
module that is almost freely generated by direct sums of elements of {Pi}i∈I .
Therefore it is enough to prove that every such almost free A•-module M•
is flat. Let M ′• → M
′′
• be a strict monomorphism in Mod(A•). By as-
sumption ∀n ≥ 0 Mn ∼= An ⊗̂Qn as An-modules, where Qn is flat as an
object of (Q, ⊗̂ ). Then M ′n ⊗̂
An
Mn →M
′′
n ⊗̂
An
Mn is isomorphic to M
′
n ⊗̂Qn →
M ′′ ⊗̂Qn, which is a strict monomorphism in Q. As this is also a morphism
of An-modules, the quotient has an induced structure of an An-module, im-
plying that this morphism is a strict monomorphism inMod(An) as well.
Example 12. Let ℵ ≥ ℵ0 be a regular, and let A• ∈ SComm(CBorn
<ℵ).
Using Ex. 11 and Prop. 22 we see that every cofibrant A•-module is flat.
One of the uses of flat objects is the following standard fact.
Proposition 23. Let (Q, ⊗̂ ), {Pi}i∈I be as in Prop. 18, and suppose every
Q• ∈ SQ is small. Let A• be a simplicial commutative monoid in Q, and let
M• be a flat A•-module. Then −⊗̂
A•
M• preserves weak equivalences.
Proof. It is enough to show that −⊗̂
A•
M• preserves acyclic objects. Given
an acyclic M ′• and using induction on simplicial dimension n ≥ 0 we have a
strict short exact sequence of A•-modules
0 −→M+• −→M
′
• −→M
n,n+1
• −→ 0,
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where M ′<n = 0, M
+
<n+1 = 0 and M
n,n+1
• is generated as an A•-module by
components in degrees n, n+ 1. Moreover ∀m ≥ 0 as objects of Q
Mn,n+1m
∼=
(⊕
m։n
M ′n
)
⊕
 ⊕
m։n+1
M ′′n
 , (9)
where M ′′n is another copy of M
′
n, identified with M
′
n by ∂n+1 : M
′
n+1 →M
′
n.
It is not difficult to see that (9) is a decomposition into Am-submodules, and
altogether this is a realization of Mn,n+1• as a simplicial An-module. It is
clear that Mn,n+1• is acyclic. We would like to show that M
n,n+1
• ⊗̂
A•
M• is
acyclic as well. We notice that we have a homotopyMn,n+1• ⊗∆[1]→M
n,n+1
•
from the identity to the 0 morphism. Therefore, since
M• ⊗̂
(
Mn,n+1• ⊗∆[1]
)
∼=
(
M• ⊗̂M
n,n+1
•
)
⊗∆[1]
we conclude that M• ⊗̂M
n,n+1
• is acyclic. Using flatness of M• and contin-
uing inductively on n we are done.
Putting together Ex. 12 and Prop. 23 we have the following.
Theorem 4. Let ℵ ≥ ℵ0 be a regular cardinal. For any weak equivalence
A• → A
′
• of commutative simplicial monoids in (CBorn
<ℵ, ⊗̂ ) the canonical
adjunction Mod(A•)⇄ Mod(A
′
•) is a Quillen equivalence.
Proof. [38] Theorem 4.3.
3 Bornological rings of C∞-functions
In this section we embed the category of simplicial C∞-rings into the category
SComm(CBorn) of simplicial commutative monoids in the category CBorn
of locally separable complete bornological spaces.
3.1 The pre-compact bornology
The R-vector space C∞(Rn) of smooth functions on Rn is a nuclear Fréchet
space (e.g. [20] §5.3 Thm. 2). A set U ⊆ C∞(Rn) is a neighbourhood of 0, if
there are r, ǫ ∈ R>0, q ∈ Rn, m ∈ Z≥0 s.t. B
ǫ,m
q,r ⊆ U , where
Bǫ,mq,r := {f ∈ C
∞(Rn) | sup
‖p−q‖≤r
‖Jm(f)(p)‖ < ǫ}
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and ‖Jm(f)(p)‖ :=
∑
‖k‖≤m
‖Dk(f)(p)‖. Given a Fréchet space F we denote
by Cpt(F) the pre-compact complete bornological space on F (e.g. [30] Def.
1.15). Clearly Cpt(F) is locally separable (e.g. [30] Prop. 1.163).
Proposition 24. (E.g. [30] Thm. 1.29, Example 1.76, Thm. 1.87) The func-
tor Cpt is a full and faithful, fully exact,7 symmetric monoidal functor from
the category (F, ⊗̂ ) of Fréchet spaces and completed projective tensor product
to the category (CBorn, ⊗̂ ) of locally separable complete bornological spaces.
Remark 3. The other natural choice of a bornology – the von Neumann
bornology – produces the same result for C∞(Rn), since for nuclear Fréchet
spaces the pre-compact and von Neumann bornologies coincide (e.g. [4]
Lemma 3.67).
A linear map C∞(Rn)→ C∞(Rm) is a C∞-morphism, iff it is a continuous
morphism of commutative Fréchet algebras ([23] Thm. 2.4). Moreover, in F
we have C∞(Rn) ⊗̂ C∞(Rm) ∼= C∞(Rn+m) as algebras (e.g. [17] Thm. 6.12).
Therefore, denoting by FC∞Rf.g. the category of free finitely generated C
∞-
rings, we see that FC∞Rf.g. ⊂ Comm(F) as a full subcategory, closed with
respect to finite coproducts.
Corollary 7. The functor Cpt: FC∞Rf.g. → Comm(CBorn) is full, faithful
and preserves finite coproducts.
For an arbitrary set S we define C∞(RS) as a co-limit of {C∞(RS
′
)}S′⊆S
(computed in the category of R-vector spaces) where S′ ⊆ S runs over finite
subsets. Equivalently C∞(RS) can be defined as the set of functions RS → R,
that factor through a projection on an Rn ⊆ RS and a smooth Rn → R.
Being a filtered union of Cpt(C∞(Rn))’s, C∞(RS) is a complete bornolog-
ical space, with a subset being bounded, if it is a bounded subset of some
C∞(Rn). Clearly this is an object of CBorn, and we denote it by Cpt(C∞(RS)).
Since Cpt(C∞(Rm)) ⊗̂Cpt(C∞(Rn)) ∼= Cpt(C∞(Rm+n)), and ⊗̂ com-
mutes with inductive limits, we see that
Cpt(C∞(RS1)) ⊗̂Cpt(C∞(RS2)) ∼= Cpt(C∞(RS1⊔S2)).
The product operation maps C∞(Rn1) ⊗̂ C∞(Rn2) → C∞(Rn1+n2) for all fi-
nite n1, n2 ≤ S, hence it is bounded and Cpt(C
∞(RS)) is a monoid in CBorn.
By definition ∀S′ ⊆ S Cpt(C∞(RS
′
)) → Cpt(C∞(RS)) is injective, with
the left inverse given by restriction. This restriction morphism is bounded,
7Full exactness here means that Cpt preserves and reflects strictly exact sequences.
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since a subset of C∞(RS
′
) is bounded, if it is a bounded subset of some
C∞(Rn) ⊆ C∞(RS
′
), and similarly for C∞(RS). Therefore it is enough to
consider the left inverse of Cpt(C∞(Rm))→ Cpt(C∞(Rm+n)). In particular
∀S′ ⊆ S Cpt(C∞(RS
′
))→ Cpt(C∞(RS)) is a strict monomorphism.
Since Cpt(C∞(RS
′
)) is bornologically closed in Cpt(C∞(RS)), for any
φ : Cpt(C∞(RS1)) → Cpt(C∞(RS2)) in Comm(CBorn), and any finite S′1 ⊆
S1 there is a finite S
′
2 ⊆ S2, s.t. φ(Cpt(C
∞(RS
′
1))) ⊆ Cpt(C∞(RS
′
2)).
Indeed, we can always find S′2 s.t. φ(S
′
1) ⊆ Cpt(C
∞(RS
′
2)). Then all poly-
nomials in S′1 are mapped to Cpt(C
∞(RS
′
2)). Every element of C∞(RS
′
1) is
a limit of a bornological sequence consisting of polynomials in S′1 (e.g. [30]
Thm. 1.36), and we use the fact that Cpt(C∞(RS
′
2)) is closed in Cpt(C∞(RS2)).
Since morphisms Cpt(C∞(Rm)) → Cpt(C∞(Rn)) in Comm(CBorn) co-
incide with C∞-morphisms, we see that φ is a diagram of C∞-morphisms
between free finitely generated C∞-rings. By definition this makes φ into a
C∞-morphisms C∞(RS1)→ C∞(RS2). Altogether we have the following.
Proposition 25. Let FC∞R be the category of all free C∞-rings. We have
Cpt: FC∞R −→ Comm(CBorn) (10)
that is full, faithful and preserves finite coproducts.
3.2 Model structure
Now we look at the behaviour of (10) with respect to the model structure on
simplicial C∞-rings. Here a morphism is a fibration or a weak equivalence
if the underlying morphism of simplicial abelian groups is respectively a
fibration or a weak equivalence ([35] §II.4). As always we denote by SF the
category of simplicial objects in the category F of Fréchet spaces. We start
with the following fact.
Proposition 26. Let φ : F• → F
′
• be a surjective morphism in SF. Then
Cpt(F•) → Cpt(F
′
•) is a weak equivalence in SCBorn, if and only if the
underlying map of simplicial R-spaces is a weak equivalence.
Proof. By definition Cpt(F•)→ Cpt(F
′
•) is a weak equivalence, if it gives a
weak equivalence, when evaluated at each l1(ℵ), ℵ ≤ ℵ0, and in particular
for ℵ = 1. Therefore the only if direction is clear.
A morphism of Fréchet spaces is a strict epimorphism, iff it is surjective.
Therefore it is enough to prove that Cpt(Ker(φ)) is acyclic. Switching to
KCBorn, it is enough then to show that complexes of Fréchet spaces, that
are exact as complexes of R-spaces, are strictly exact in CBorn. This is true
because a morphism of Fréchet spaces is strict, iff its image is closed.
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Let SFC∞R be the category of simplicial objects in FC∞R, and let
S˜C∞R ⊂ SFC∞R be the full subcategory consisting of almost free simplicial
C∞-rings, i.e. those whose degenerations map generators to generators.
Proposition 27. The functor Cpt: S˜C∞R→ SComm(CBorn) is full, faith-
ful and preserves finite coproducts. Moreover, a morphism φ• in S˜C∞R is
a weak equivalence or a trivial fibration, if and only if Cpt(φ•) is a weak
equivalence or respectively a trivial fibration in SComm(CBorn).
Proof. As Cpt: FC∞R → Comm(CBorn) is fully faithful and preserves fi-
nite coproducts, the same is true for simplicial diagrams. All objects of
S˜C∞R are cofibrant simplicial C∞-rings, hence trivial fibrations in S˜C∞R
have right inverses and Cpt maps trivial fibrations in S˜C∞R to fibrations in
SComm(CBorn).
If Cpt(φ•) is a weak equivalence in SComm(CBorn), its evaluation at R is
a weak equivalence of simplicial abelian groups, i.e. φ• is a weak equivalence
in S˜C∞R. It remains to show that Cpt preserves weak equivalences.
Lemma 10. For any A• ∈ S˜C∞R let σ : A• ⊗ ∆[1] → A• be given by
∆[1]→ ∆[0]. Then Cpt(σ) is a weak equivalence in SComm(CBorn).
Proof. Since σ has a right inverse, it is enough to show that Ker(Cpt(σ))
is acyclic. By definition ∀k ∈ Z≥0 Ak ∼= C∞(RSk) for some set Sk, and the
sets {Sk}k≥0 are stable under degenerations in A•. Choose k ≥ 0, and let
S′k ⊆ Sk be any finite subset.
We can find a finite S′k−1 ⊆ Sk−1 s.t. all boundaries of S
′
k lie in C
∞(RS
′
k−1).
Continuing like this we find {C∞(RS
′
m) ⊆ C∞(RSm)}m≤k that are stable un-
der boundaries. Taking all degenerations of {S′m}m≤k we obtain A
′
• ⊆ A•,
s.t. A′• is an almost free C
∞-ring finitely generated in each simplicial dimen-
sion, and C∞(RS
′
k) ⊆ A′k. Therefore A• is a filtered union of almost free
simplicial C∞-rings, finitely generated in each simplicial dimension.
By definition ∀k ∈ Z≥0 (A•⊗∆[1])k ∼= A
⊗̂
k+2
k , with the simplicial struc-
ture maps given by boundaries and degenerations in ∆[1]. Since taking the
⊗̂ -product of free C∞-rings corresponds to taking disjoint unions of the gen-
erators, it is clear that A• ⊗ ∆[1] is a filtered union of {A
′
• ⊗∆[1]}, where
A′• ⊆ A• runs over all almost free simplicial C
∞-subrings of A•, finitely
generated in each simplicial dimension.
Let k ∈ Z≥0 and let α : l1(N)→ Ker(Cpt(σ))k be a morphism in CBorn.
Since Banach spaces are compact relative to monomorphisms there is an
almost free A′• ⊆ A•, s.t. A
′
• is finitely generated in each dimension, and
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α factors through Cpt(A′k ⊗∆[1]) ∩ Ker(Cpt(σ)) = Ker(Cpt(σ
′)), where
σ′ : A′• ⊗∆[1]→ A
′
• is given by ∆[1]→ ∆[0].
So in proving that Cpt(σ) is a weak equivalence, we can assume that
A• is finitely generated in each simplicial dimension. Then Cpt(σ) is a
surjective morphism of simplicial Fréchet spaces, and it is a weak equivalence,
if and only if the underlying morphism of simplicial abelian groups is a weak
equivalence (Prop. 26). Thus Cpt(σ) is a weak equivalence.
Now we prove that Cpt preserves all weak equivalences. As each object of
S˜C∞R is a cofibrant simplicial C∞-ring, a weak equivalence φ• : A• → A
′
• has
a quasi-inverse φ′• : A
′
• → A•. If we prove that Cpt(φ• ◦ φ
′
•), Cpt(φ
′
• ◦ φ•) are
homotopic to identities, it would imply that φ•, φ
′
• are weak equivalences.
So let φ•, φ
′
• : A• ⇒ A
′
• be two homotopic morphisms in S˜C
∞R, we need
to show that Cpt(φ•), Cpt(φ
′
•) are homotopic in SComm(CBorn). As A•
is a cofibrant C∞-ring, there is φ′′• : A• ⊗ ∆[1] → A
′
•, s.t. φ• = φ
′′
• ◦ ι1,
φ′• = φ
′′
• ◦ ι2, where ι1, ι2 : A• → A• ⊗ ∆[1] are the canonical inclusions.
We have seen (Lemma 10) that Cpt(σ) is a weak equivalence, and since
Cpt(σ)◦Cpt(ι1) = Cpt(σ)◦Cpt(ι2) = IdCpt(A•), so are Cpt(ι1), Cpt(ι2), and
moreover Cpt(ι1) = Cpt(ι2) in the homotopy category of SComm(CBorn).
Therefore Cpt(φ•) = Cpt(φ
′
•) in this homotopy category.
3.3 Quasi-coherent sheaves
In this section we use the functor Cpt to bring categories of modules from
simplicial bornological rings to simplicial C∞-rings. Proposition 27 together
with Thm. 4 immediately imply the following.
Theorem 5. Let A˜• ։ A• be any functorial almost free resolution of simpli-
cial C∞-rings. Associating A• 7→ Mod(Cpt(A˜•)) we get a (pseudo-)functor
8
from SC∞R to the category of model categories and Quillen adjunctions.
Weak equivalences of simplicial C∞-rings are mapped to Quillen equivalences.
Let A˜′′• ← A˜• → A˜
′
• be almost free morphisms of almost free simplicial
C∞-rings. In the co-cartesian square
A˜•
φ

ψ
// A˜′•
φ′

A˜′′• ψ′
// A˜′′′•
(11)
8This assignment is only a pseudo-functor due to associativity isomorphisms for ⊗̂ on
CBorn. We will ignore this distinction and treat this construction as a functor.
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the two functors
Mod(Cpt(A˜′′•))
φ′∗◦ψ′∗
//
ψ∗◦φ∗
// Mod(Cpt(A˜′•)) (12)
are naturally equivalent.
Proof. The colimit in (11) is computed separately in each simplicial dimen-
sion, and since the morphisms are almost free, ∀k ≥ 0 A′′′k is obtained by
taking a triple coproduct of C∞-rings. From Prop. 25 we know that Cpt
preserves finite coproducts. Therefore Cpt(A˜′′′• )
∼= Cpt(A˜′′•) ⊗̂
Cpt(A˜•)
Cpt(A˜′•)
and the natural equivalence in (12) is given by the associativity natural
equivalence for ⊗̂ on CBorn.
If we have a diagram A′′• ← A• → A
′
• of simplicial C
∞-rings where
neither the rings nor the morphisms are almost free, we can compute the
homotopy colimit of this diagram by resolving it into (11) and taking the
usual colimit. The natural equivalence (12) will correspond then to a natural
weak equivalence between the derived functors, i.e. functors obtained by pre-
composing with cofibrant resolutions.
Now we look closer at the categories of modules in some special cases.
In the previous section we had to make an additional effort to deal with
C∞-rings that are not finitely generated, the reason being that such rings
are not Fréchet. Sometimes we can do with Fréchet C∞-rings only.
Definition 14. A simplicial C∞-ring A• is of finite presentation, if there
is a surjective weak equivalence of simplicial C∞-rings A˜• → A•, s.t. A˜• is
almost free and finitely generated in each simplicial dimension.
By requiring that each A˜k is a finitely generated C
∞-ring we ensure that
it is a Fréchet space.
Proposition 28. Let A• be a simplicial C
∞-ring of finite presentation, s.t.
∀k ≥ 0 Ak is a finitely generated Fréchet C
∞-ring, i.e. Ak ∼= C
∞(Rnk)/Ak
for some nk ≥ 0 and a closed ideal Ak. Let ρ : A˜• → A• be an almost free
resolution, then Cpt(ρ) : Cpt(A˜•)→ Cpt(A•) is a weak equivalence.
Proof. From Prop. 27 we know that any two almost free resolutions of A• are
mapped by Cpt to weakly equivalent simplicial bornological rings. Therefore
we can assume that A˜• is finitely generated in each simplicial dimension.
Then Cpt(ρ) comes from a surjective morphism of simplicial Fréchet spaces,
and hence it is a weak equivalence (Prop. 26).
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Proposition 28 implies that, given a simplicial C∞-ring of finite presen-
tation A•, s.t. each Ak is Fréchet, instead of going through an almost free
resolution A˜• we can take Mod(Cpt(A•)) and obtain a Quillen equivalent
model category. As before, given a co-cartesian diagram in SC∞R
A•
f2

f1
// A′•
f˜2

A′′•
f˜1
// A′′′•
of such simplicial C∞-rings, associativity of ⊗̂ in CBorn gives a natural
equivalence of functors (f1)∗ ◦ f
∗
2 → f˜
∗
2 ◦ (f˜1)∗. In particular this applies
to constant simplicial Fréchet C∞-rings of finite presentation, i.e. ordinary
Fréchet C∞-rings that have almost free resolutions with finitely many gener-
ators in each simplicial dimension.
Let A be such a C∞-ring, and denote by A• the corresponding constant
simplicial C∞-ring. Then the category Mod(Cpt(A)) of Cpt(A)-modules
in CBorn is quasi-abelian and SMod(Cpt(A)) ∼= Mod(Cpt(A•)). We have
a functor homCBorn(l
1(N),−) : Mod(Cpt(A•)) −→ SAb, and we denote by
QCoh(A) ⊆ π0(Mod(Cpt(A•))) the full subcategory
9 consisting of M• s.t.
π>0(homCBorn(l
1(N),M•) = 0. We have the following statement.
Proposition 29. Let A be a Fréchet C∞-ring of finite presentation. Then
QCoh(A) is equivalent to a left abelian envelope of Mod(Cpt(A)) (Def. 6).
Proof. According to Cor. 1.2.20 and Prop. 1.2.35 in [37] a left abelian en-
velope of Mod(Cpt(A)) can be described as a localization of the following
category: objects are monomorphisms M ′ → M in Mod(Cpt(A)) and mor-
phisms are commutative squares. The localization happens by inverting
commutative squares that are simultaneously cartesian and co-cartesian.
Let M ′•, M• ∈ Mod(Cpt(A•)) whose weak equivalence classes lie in
QCoh(A). Let µ• : M
′
• → M• be a weak equivalence. Switching first to
SMod(Cpt(A)) and then to KMod(Cpt(A)) and truncating we obtain
M˜ ′1

// M˜1

M ′0
//M0,
(13)
9By pi0(−) of a model category we denote the corresponding homotopy category.
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where M˜ ′1, M˜1 := Ker(∂0)/(Ker(∂0 ∩Ker(∂1))) in simplicial dimension 1.
The vertical arrows are given by ∂1 and hence are monomorphisms.
Evaluating at l1(N) we see that π0(µ•) being injective implies (13) is
cartesian in Mod(Cpt(A)). Since π∗(µ•) is an isomorphism, the dg Cpt(A)-
module M˜ ′1 → M˜1 ⊕ M
′
0 → M0 (the cone of µ•) is acyclic, i.e. (13) is
also co-cartesian. Conversely, suppose that by truncating a µ• as above we
obtain (13) that is both cartesian and co-cartesian. The cartesian bit implies
injectivity of π0(µ•) and the co-cartesian implies surjectivity.
Remark 4. Prop. 29 lets us view the left abelian envelope of Mod(Cpt(A))
as a quotient of the category of cofibrant simplicial Cpt(A•)-modules with
π>0 = 0 by the homotopy relation on morphisms in Mod(Cpt(A•)).
Proposition 30. Let φ : A′ → A be a morphism of Fréchet C∞-rings of finite
presentation. It induces an adjunction QCoh(A′)⇄ QCoh(A).
Proof. We have the Quillen adjunction Mod(Cpt(A′•)) ⇄ Mod(Cpt(A•)),
that descends to an adjunction π0(Mod(Cpt(A
′
•))) ⇄ π0(Mod(Cpt(A•)))
The truncation functor M• 7→ (M˜1 → M0) on Mod(Cpt(A•)) preserves
weak equivalences and hence descends to π0(Mod(Cpt(A•))), where it is left
adjoint to the inclusion. Clearly π0(Mod(Cpt(A
′
•))) ← π0(Mod(Cpt(A•)))
preserves the property π>0 = 0.
If we cared only for Fréchet C∞-rings of finite presentation this would
have been enough. We could then define the corresponding derived category
of QCoh(A) and investigate the functoriality properties. However, we would
also like to work with C∞-rings that are not Fréchet (e.g. C∞(R)/(e−
1
x2 ))
or not of finite presentation (e.g. R[[x]]). This forces us to use almost free
resolutions A˜• and the corresponding categories of modules.
The full Mod(Cpt(A˜•)) is not a good candidate for the derived category
of quasi-coherent sheaves. One of the reasons lies with coherent objects. As
usual a coherent sheaf should be defined as an object homotopically of finite
presentation. All Banach bundles are coherent in this way, as well as all of
their quotients. Then also their sub-objects should be coherent (e.g. C∞(X)
for a compact X). This means we need to stabilize Mod(Cpt(A˜•)).
Definition 15. Let A• be a simplicial C
∞-ring. The derived category of
quasi-coherent sheaves over A• is the stabilization of Mod(Cpt(A˜•)) with
respect to the suspension functor.
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In order to keep this work within a reasonable size we postpone the
analysis of stabilization, extraction of coherent objects and the corresponding
functorial properties to another paper.
We note however that already with the techniques developed in the cur-
rent work we can construct categories of quasi-coherent sheaves on arbitrary
sheaves on the site of C∞-rings and Zariski topology. As usual this is done
by the left Kan extension.
In particular we can apply this to de Rham spaces and obtain categories
of D-modules. Our insistence on allowing all, not only Fréchet C∞-rings, lets
us construct D-modules for both kinds of nilpotents considered in [8].
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